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The Sanders shell equations for imperfect anisotropic circular cylindrical shells are used for the development of a

research tool to study the nonlinear interaction of circumferential waves under different loading conditions.

Therefore, a truncated Fourier series in circumferential direction is used as a possible solution of the nonlinear

equilibrium equations in combination with the anisotropic constitutive relations. The envelope of the Fourier series

coefficients in the axial direction is computed using a numerical integration technique satisfying the rigorous

boundary conditions at the lower andupper shell edges. The case of an isotropic shell under axial compression is used

to compare the results obtained by the current theory and the STAGS-A program.

Nomenclature

�A� = shell wall extensional stiffness matrix
�B� = shell wall coupling stiffness matrix

�D� = shell wall bending stiffness matrix
�E = Young’s modulus, reference value
�E� = modified stiffness matrix
�F� = modified stiffness matrix
�G� = modified stiffness matrix
K = modified stress resultant
K�x� = external edge load at x
L = shell length
Mx = stress resultant (moment)
My = stress resultant (moment)
Mxy = stress resultant (moment)
M1,M2 = applied bending moments
N = number of circumferential wave numbers
Nx = stress resultants (force)
Ny = stress resultants (force)
Nxy = stress resultants (force)
N�x� = external edge load at x
N = set of full circumferential wave numbers
nk = full circumferential wave number
P = applied axial load
pe = external pressure
Qx = modified stress resultant
R = shell radius
S = shell middle surface
S1, S2 = applied shear loads
T = applied torsional moment
t = shell wall thickness
U = strain energy
u = axial displacement

v = circumferential displacement
W = work done by external loads
w = radial displacement
w� = initial imperfection
x, y, z = coordinate system
Y = vector with primary variables
�x, �y = rotations
��x , �

�
y = modified rotations

�xy = shear strain
"x, "y = membrane strains
ϰx, ϰy, ϰxy = curvatures
� = load factor
�� = Poisson’s ratio reference value
� = total potential energy
�xy = modified curvature
�x, �y = normal stresses
�xy = shear stresses

Introduction

R ECENTLY a shell design approach was proposed by Arbocz
et al. [1,2] called “high-fidelity analysis,” where the uncer-

tainties involved in a design are simulated by refined and more
accurate numerical methods. This hierarchical analysis includes
three levels of analysis: 1) classical solution with simply supported
boundary conditions and linear membrane prebuckling; 2) including
the effect of nonlinear prebuckling and clamped or simply supported
boundary conditions; and 3) including nonlinear interaction between
nearly simultaneous buckling modes, midsurface and boundary
imperfections and general boundary conditions. The Delft
Interactive Shell DEsign COde (DISDECO) program is based on
the preceding approach and developed at the Delft University of
Technology.

The DISDECO level 2 module COLLAPSE [3] based on the
Donnell type shell equations is not always accurate, especially in the
case of isotropic shells, since the response model contains only one
wave number in the circumferential direction. A new level 2,
nonlinear mode interaction module called Thin Anisotropic SHell
Analysis (TASHA) is developed, based on Sanders’ shell theory [4],
in combinationwith anisotropic shell wallmaterial. The approximate
solution of the nonlinear equations is a truncated Fourier series in
circumferential direction and in the axial direction the governing
differential equations are solved using numerical integration tech-
niques. The theory and results are compared with results obtained by
the finite difference program STAGS-A [5].
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Shell Geometry and Axis System

The geometry and the axis system used for the analysis of the thin
circular cylindrical shell with small initial imperfections, are shown
in Fig. 1. The radius of the shell middle surface is R, the wall
thickness is t and the shell length is L. The right-handed-axis system
is chosen such that the axial coordinate x runs from the lower to the
upper edge, the circumferential coordinate y runs counterclockwise,
and the positive z-axis is taken inward. The known small initial
imperfection w��x; y� is also taken positive inward.

Kinematic Relations

The analysis uses the Sanders type of nonlinear kinematic
relations for thin circular cylindrical shells with small initial
imperfections, given by [4,6]

"x � u;x �
1

2
�2
x � �xw�;x (1)

"y � v;y �
1

R
w� 1

2
�2
y � �yw�;y (2)

�xy � v;x � u;y � �x�y � �xw�;y � �yw�;x (3)

ϰx � �x;x (4)

ϰy � �y;y (5)

ϰxy � �x;y � �y;x (6)

where the rotations are

�x ��w;x �y ��w;y �
1

R
v (7)

Stress Resultants and Constitutive Relations

The shell wall is in a state of plane stress, see Fig. 2. In order to
obtain the stress resultants the stresses are integrated over the wall
thickness t. For thin walls, i.e., t=R	 1, the stress resultants are

Nx
Ny
Nxy

0
@

1
A�

Z
t=2

z��t=2

�x
�y
�xy

0
@

1
A dz (8)

Mx

My

Mxy

0
@

1
A�

Z
t=2

z��t=2
z

�x
�y
�xy

0
@

1
A dz (9)

Since �xy � �yx, the stress resultantsNxy � Nyx andMxy �Myx. The
stress resultants are shown in Fig. 3.

The constitutive relations for an anisotropic shell wall are given by
the relations

N � �A�"� �B�� (10)

M � �B�"� �D�� (11)

where �A� is the extensional stiffness matrix, �B� the coupling
stiffness matrix and �D� the bending stiffness matrix. Further,

N � �Nx Ny Nxy �T; M� �Mx My Mxy �T

and

" � � "x "y �xy �T; � � ϰx ϰy ϰxy �T

Equilibrium Equations

The equilibrium equations for the circular cylindrical shell with
small initial imperfections can be derived from the condition of
stationary potential energy. The total potential energy� is given by

��U �W (12)

where U is the strain energy and W the work done by the external
loads:

Fig. 1 Shell geometry and axis system.

Fig. 2 Stresses on a plane with radius (R � z).

a) Forces on shell middle surface

b) Moments on shell middle surface

Fig. 3 Stress resultants on the shell middle plane.
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U� 1

2

ZZ
S

�NT"�MT�� dS (13)

where S is the shell middle surface.
The following external loads are considered: external pressure pe,

axial load P, bending momentsM1 andM2, torsional moment T and
shear loadsS1 andS2. The external loads on the upper edge are shown
in Fig. 4. These loads can be applied using the following equations
for the distributed loads, shown in Fig. 5:

N�L���� � P

2	R
� M1

	R2
cos �� M2

	R2
sin �

K�L���� � T

2	R2
� S1
	R

cos �� S2
	R

sin � (14)

The work done by the external loads is given by

W �
Z

2	

��0
�uhN�L�i � vhK�L�i�x�LR d� �

Z
2	

��0
�uhN�0�i

� vhK�0�i�x�0R d��
ZZ
S

wpe dS (15)

The equilibrium conditions imply 
�� 
U � 
W � 0, yielding
the following equilibrium equations:

Nx;x ��Nxy;y (16)

K;x ��Ny;y �
1

R
My;y �

1

R
�Ny��y � Nxy��x� (17)

Qx;x ��
1

R
Ny �My;yy � �Ny��y � Nxy��x �;y � pe (18)

Mx;x ��Qx � �Nx��x � Nxy��y� (19)

where K is given by

K � Nxy �
1

R
Mxy (20)

and

��x � �x � w�;x (21)

��y ��w;y �
1

R
v � w�;y (22)

The condition 
�� 0 also determines the boundary conditions on
the shell edges x� 0 and x� L:Z

2	R

y�0
�
uhNx � N�x�i�x dy� 0 (23)

Z
2	R

y�0
�
vhK � K�x�i�x dy� 0 (24)

Z
2	R

y�0
�
whQxi�x dy� 0 (25)

Z
2	R

y�0
�
�xhMxi�x dy� 0 (26)

Using Eqs. (23–26) the classical boundary conditions are defined,
shown in Table 1.

Separation of Variables

To be able to use the method of separation of variables, the
constitutive relations Eqs. (10) and (11) are reordered into the
following form:

Nx
Mx

K

0
@

1
A� �G�

"x
ϰx

�xy

0
@

1
A� �F�

"y
ϰy

�xy

0
@

1
A (27)

Ny
My

Mxy

0
@

1
A� �FT �

"x
ϰx

�xy

0
@

1
A� �E�

"y
ϰy

�xy

0
@

1
A (28)

where the new variable �xy is defined as

�xy � ϰxy �
1

R
�xy (29)

The threematrices �G�, �F� and �E� contain appropriate elements from
the stiffness matrices �A�, �B� and �D�.

From Eq. (27), the following relation is found:

"x
ϰx

�xy

0
@

1
A� �G��

Nx
Mx

K

0
@

1
A � �F��

"y
ϰy

�xy

0
@

1
A (30)

Substitution of Eq. (30) into Eq. (28) yields

Ny
My

Mxy

0
@

1
A� �F�T �

Nx
Mx

K

0
@

1
A� �E��

"y
ϰy

�xy

0
@

1
A (31)

where

�G�� � �G�1� (32)

�F�� � �G�1F� (33)

andFig. 4 External load on upper edge (x� L).

Fig. 5 Distributed loads N�L� and K�L� on upper edge (x� L).
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�E�� � �E � FTG�1F� (34)

Further, it holds that

"y
ϰy

�xy

0
@

1
A�

v;y � 1
R
w� 1

2
�2
y

�y;y
2�x;y � 1

R
�u;y � �x�y�

0
@

1
A�

��yw�;y
0

� 1
R
��xw�;y � �yw�;x�

0
@

1
A

(35)

Using the kinematic relations Eqs. (1), (3), and (4), the vector
� "x ϰx �xy �T , can be written as

"x
ϰx

�xy

0
@

1
A�

u;x
�x;x
v;x

0
@

1
A�

1
2
�2
x � �xw�;x

0

u;y � �x�y � �xw�;y � �yw�;x

0
@

1
A (36)

Using Eqs. (30) and (36) yields the following derivatives with
respect to the axial coordinate x:

u;x

�x;x

v;x

0
B@

1
CA� �G��

Nx

Mx

K

0
B@

1
CA � �F��

"y

ϰy

�xy

0
B@

1
CA

�

1
2
�2
x � �xw�;x

0

u;y � �x�y � �xw�;y � �yw�;x

0
BB@

1
CCA (37)

and from Eq. (7),

w;x ���x (38)

The values "y, ϰy and �xy, can be written as

"y �
�
v;y �

1

R
w

�
�
�
w;y �

1

R
v

��
1

2
w;y �

1

2R
v� w�;y

�
(39)

ϰy ��w;yy �
1

R
v;y (40)

�xy �
�
2�x;y �

1

R
u;y

�
� 1

R

�
w;y �

1

R
v

�
��x � w�;x� �

1

R
�xw

�
;y

(41)

These are all functions of the primary variable vector Y and the
derivatives Y ;y and Y ;yy, where

Y � � u v w �x Nx K Qx Mx �T (42)

Substitution of Eqs. (39–41) into Eqs. (30) and (31), yields that
also the vectors � "x ϰx �xy �T and �Ny My Mxy �T are

functions of the primary variables and their derivatives with respect
to y.

Using the relation Nxy � K � �1=R�Mxy, the equilibrium
conditions Eqs. (16–19) can be written as

Nx;x ��K;y �
1

R
Mxy;y (43)

K;x ��Ny;y �
1

R
My;y �

1

R

�
Ny�

�
y � K��x �

1

R
Mxy�

�
x

�
(44)

Qx;x ��
1

R
Ny �My;yy �

�
Ny�

�
y � K��x �

1

R
Mxy�

�
x

�
;y

� pe

(45)

Mx;x �Qx � Nx��x � K��y �
1

R
Mxy�

�
y (46)

Equations (43–46) together with Eqs. (37) and (38), form a set of
eight nonlinear differential equations, which can be written in the
following form:

Y ;x � F �Y Y ;y Y ;yy w�;x w�;y � (47)

Assuming that the imperfection w��x; y� and its derivatives with
respect to the x and y coordinates are known functions, the solution of
the set of differential equations of the primary variables is a periodic
series in circumferential direction with coefficients that are functions
of the axial coordinate x only; therefore,

Y �x; y� � Y0�x� �
X1
k�1

�
Yck�x� cos k

y

R
� Ysk�x� sin k

y

R

�
(48)

whereY0 is the axisymmetric part of the solution andYc;k andYs;k are
the coefficients corresponding to the kth circumferential full wave
number.

Equation (47) can now be written as a set of ordinary first-order
differential equations:

dY

dx
� F

�
Y dY

dy
d2Y
dy2

dw�

dx
dw�

dy

�
(49)

Approximate Solution

Using a subset of N circumferential wave numbers,

N � fn1; n2; 
 
 
 ; nNg with 0< n1 < n2 < 
 
 
< nN (50)

the approximation of the solution is given by

~Y�x; y� � ~Y0�x� �
XN
j�1

�
~Ycj�x� cos nj

y

R
� ~Ysj�x� sinnj

y

R

�
(51)

Substitution of the approximate solution into Eq. (49) and using the
Galerkin technique yields a set of 8�1� 2N� ordinary first-order
differential equations.

The nonlinear terms in the differential equations cause mode
coupling. The quadratic and cubic terms represent coupling between
the circumferential wave numbers

j � nk � nlj and j � nk � nl � nmj (52)

In the approximate solution only the wave numbers that are element
of the set N are preserved.

In general the boundary conditions, Eqs. (23–26), are of the typeZ
2	R

y�0
�
�hZi�x dy� 0 (53)

with � andZ both truncated series of the same form asEq. (51).Hence
the boundary condition becomes

Table 1 Prescribed variables for the classical boundary

conditions on thin cylindrical shells

Boundary
type

Boundary
condition

Boundary
condition

Boundary
condition

SS-1 u v w�Mx � 0
SS-2 Nx v w�Mx � 0
SS-3 u K w�Mx � 0
SS-4 Nx K w�Mx � 0
C-1 u v w� �x � 0
C-2 Nx v w� �x � 0
C-3 u K w� �x � 0
C-4 Nx K w� �x � 0

Free edge Nx K Qx �Mx � 0
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�0�x� � 0 or Z0�x� � 0

and for j� 1; 
 
 
 ; N

�c;j�x� � 0 or Zc;j�x� � 0


�s;j�x� � 0 or Zs;j�x� � 0

9>>=
>>;

(54)

Numerical Solution

WithN circumferential full wave numbers in the setN, the number
of ordinary first-order nonlinear differential equations, given by
Eq. (49), is equal to 16N � 8. At the shell edges at x� 0 and x� L,
the number of prescribed values at each end is 8N � 4. This makes
the problem is a standard two point boundary value problem with
nonlinear differential equations. The numerical method used to solve
the problem is known as themultiple or parallel shootingmethod [7].
The numerical integration routines are from the California Institute
of Technology (Caltech) Willis Booth Computer Center. These
differential equation routines use the Runge–Kutta–Gill method to
compute starting values for an Adams–Moulton predictor-corrector
method both with automatic step size control.

To avoid very large or very small numbers, the governing
equations are made nondimensional. Using a reference Young’s

modulus �E and Poisson’s ratio ��, the classical buckling load for a
cylindrical shell with radius R and wall thickness t is

Ncl �
�Et2

cR
where c�

��������������������
3�1 � ��2�

p
(55)

Further the following nondimensional variables are defined:
coordinates

�x� x=R (56)

�� y=R (57)

stiffness matrices

� �A� � �A�=� �Et� (58)

� �B� � �B�
��

�Et2

2c

�
(59)

� �D� � �D�
��

�Et3

4c2

�
(60)

shell displacements

�u
�v
�w

0
@

1
A� u

v
w

0
@

1
A�t (61)

forces and moments per unit length

�Nx
�K
�Qx

0
@

1
A� Nx

K
Qx

0
@

1
A��

�Et2

cR

�
(62)

�M x �Mx

��
�Et3

2c2R

�
(63)

The loading of the shell is applied at the lower edge (x� 0). With the
introduction of a load factor �, the nondimensional applied load is
given by

�N �0� � � � N�0�=Ncl (64)

�K �0� � � � K�0�=Ncl (65)

A computer program is developed, based on the preceding theory,
called TASHA.

Table 2 Properties of Caltech A8 shell

Property Variable Value

Radius R 4.0 in.
Length L 8.0 in.
Wall thickness t 0.00464 in.
Young’s modulus E 15:20 106 psi
Poisson’s ratio � 0.3
Shear modulus G 5:84614 106 psi
Reference value �E 15:20 106 psi

Reference value �� 0.3
Classical buckling load Ncl 49:5152 lb=in:

Table 3 Limit load factor by STAGS for A8 shell

Mesh size, axial by circumferential Limit load factor �lim

161 � 181 0.3295
261 � 261 0.3192

Fig. 6 Radial displacement coefficients wc;‘ extreme values at limit

load, for two STAGS-A models.

Table 4 Limit load factor by TASHA for A8 shell

N Wave number set N Limit load factor �lim

1 f20g 0.26177
2 f20; 40g 0.344651
3 f20; 40; 60g 0.310071
4 f20; 40; 60; 80g 0.3099442
5 f20; 40; 60; 80; 100g 0.3099295
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Numerical Example

The present theory is compared with a well-known program such
as STAGS. The STAGS-A code at the Delft University of
Technology is based on the finite difference method and is
extensively modified by Brogran to give the most accurate results
possible [8,9]. The isotropic Caltech A8 shell loaded by axial
compression [10] is used for the comparison, the shell properties are
shown in Table 2.

The boundary conditions of the shell edges are SS-3, the axial
uniform compressive load is applied at the lower edge as follows:

�N x�0� � �1:0 � � �uc;k�0� � �us;k�0� � 0 for k� 1; 
 
 
 ; N

The initial imperfection is given by

�w � � w
�

t
� 0:6882 sin 17	

x

L
cos 20

y

R
(66)

With the STAGS program the problemwas solved with two different
mesh sizes. The limit load factor �lim was computed. The results are
shown in Table 3.

Fig. 7 Limit load factor �lim, for two STAGS-Amodels (solid line) and

the values found using TASHA (dotted line) with various numbers of
circumferential modes.

Fig. 8 Comparison of the radial displacement components obtained by STAGS 261 � 261mesh (solid line) and current theory withN � 5 (dotted line).
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The radial displacements computed by STAGS at limit load was
analyzed further. At each axial coordinate x, the Fourier series of the
radial displacement was determined. The Fourier series is given by

�w�y��x 
 w0 �
XN‘
‘�1

�
wc;‘ cos ‘

y

R
� ws;‘ sin ‘

y

R

�
(67)

For the course mesh with 181 points in circumferential direction the
upper limit value N‘ � 80, while for the finer mesh N‘ � 120. The
maximum and minimum values of the coefficients are shown in
Fig. 6. Notice that the nonzero coefficient values are: the
axisymmetric and the values corresponding to circumferential wave
numbers ‘� 20; 40; 60; 
 
 
. This corresponds to the expected mode
coupling equation Eq. (52). Also the decline of amplitudes of the
modes corresponding to the larger values of circumferential wave
numbers is prominent.

Table 4 and Fig. 7, show the limit load factors computed by
TASHAbased on the presented equations. It is clear that both STAGS
and TASHA converge with a finer mesh and a larger number of
modes in the setN. TASHA has almost converged using a set of three
circumferential wave numbers. If the number of wave numbers is too
small N � 1, the response computed by TASHA is bad. This is
caused by the fact that the response is poorly described by the short
truncated series. Figure 8, shows the radial displacement components
as a function of the axial coordinate for the STAGS 261 � 261model

and the TASHA N � 5 model both at limit load. Notice that the
differentmodes showa good similarity up ton� 60. Themodeswith
n� 80 and n� 100, are showing less similarity. This may be caused
by the fact that the mesh size in circumferential direction used in the
STAGSmodel has too fewpoints (degrees of freedom) to describe the
high number of circumferential waves accurately.

CPU Times

The CPU time required by TASHA depends upon the shell
geometry, the number of modes and the number of subintervals. The
number of nonlinear first-order differential equations depends
directly on the number of modes. For the parallel shooting method to
converge the number of subintervals used must be sufficiently large,
if the number is too low the numerical method fails. Either the load
increment �� or the increment of the nonlinear part of the end-
displacement�unl can be prescribed, see Fig. 9. The later being the
end-displacement minus the linear membrane end-displacement.

For the A8 shell, the interval �x� �0; L=R� is divided into 22 or 32
subintervals and the tolerance for the integration methods is
�� 1:010�7. The computer used for the calculations is a desktop PC
with an ASUS P4G8X board and an Intel Pentium 4 3.066 GHz
processor with 1.0 GB RAM under MS Windows XP Professional.
TASHA iswritten in FORTRANF77 and compiledwith the Compaq
Visual Fortran Ver. 6.6 compiler.

The computations were done in four stages. In the first two stages,
the axial loadwas prescribed, in the last two stages the nonlinear end-
shortening was prescribed, see Table 5. In Table 6, the CPU time
required for a single incremental load or displacement step is shown.
The total CPU time for N � 4 using 22 or 32 subintervals is about
equal and the solution is exactly similar. The CPU time for N � 5
with 32 subintervals required about 8.5 h, which is about twice the
CPU time for N � 4. The CPU time required by STAGS-A is
approximately 18 h for the 161 � 181 model.

Discussion

The program TASHA based on the Sanders equations and the
parallel shooting method is used to compute the buckling load for
several other shells [11] such as the Caltech’s stringer stiffened shell
AS-2, and Khot’s glass–epoxy shell [3] both under axial
compression, and the graphite–epoxy shells by Fuchs et al. [12]
under bending load. The results are in good agreement with the
results obtained by other programs.

For programs based on finite difference or finite elements, a
convergence study is necessary [13]. For the method presented here,
a study on the size of the truncated Fourier series is required. If the
models become larger, the present method requires less CPU time
than the finite difference or finite element methods.

Conclusions

The results obtained by the current theory shows that the response
has a good similarity with the STAGS-A results, and can be used as a
research tool in the DISDECO program as a transition between level
2 and level 3. Further the response in high circumferential wave
numbersmay be used as a indication of themesh size used in STAGS.

Care must be taken that the set of full circumferential wave
numbers N, contains a sufficient large number of relevant wave
numbers.

Fig. 9 Load-end displacement curve.

Table 5 Nonlinear analysis scheme of A8 shell

Interval number Interval Step size

Load interval ��
i 0:005 
 
 
 0:250 5 � 10�3

ii 0:251 
 
 
 0:300 1 � 10�3

Displacement interval �unl
iii 0:1700 
 
 
 0:2190 1 � 10�3

iv (N � 4) 0:2191 
 
 
 0:2209 1 � 10�4

iv (N � 5) 0:2165 
 
 
 0:2184 1 � 10�4

Table 6 CPU times per incremental load or displacement step and total CPU time, s

Modes N Subintervals CPU time, interval i CPU time, interval ii CPU time, interval iii CPU time, interval iv Total CPU time

3 22 39.1 31.6 46.9 —— 5884
4 22 91.5 87.3 110.3 68.0 15,740
4 32 90.6 82.4 110.5 74.3 15,587
5 32 178.7 161.0 218.5 141.4 30,742
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